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Abstract In this paper, we establish a blow-up criterion for the compressible liquid 
crystals equations in terms of the gradient of the velocity only, similar to the Beale- 
Kato-Majda criterion [I] for ideal incompressible flows and the criterion obtained by 
Huang and Xin [S] for the compressible Navier-Stokes equations. 
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1 Introduction 

In this paper we consider the following simplified model of the Ericksen-Leslie theory 
for nematic liquid crystals and study a blow-up criterion for it. 

Pt + div(H = o, (i.i) 

1 9 

(pu) t + div(pu <g> u) + VP = H A u - Adiv(vd© Sjd- -(| Sjd\ + F(d))I), (1.2) 
d t + u-sjd=v{l\d- f{d)) (1.3) 

in fl x (0,T), for a bounded smooth domain fi in M 3 . 

In the above system, the velocity field u(x,t) of the flow, the direction field d(x,t) 
representing the orientation parameter of the liquid crystal are vectors in R 3 . The density 
p(x, t) is a scalar and p is the pressure dependent on the density p. /i, A, v are positive 
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physical constants. The unusual term SjdQ yd denotes the 3x3 matrix whose (z, j)-tli 
element is given by Y^k=i 9 Xi dkd Xj dk and / is the unite matrix. f(d) is a polynomial of d 
which satisfies f(d) — -J^F(d) where F(d) is the bulk part of the elastic energy. Usually 
we choose F(d) to be the Ginzburg-Landau penalization, that is, F(d) = -£?z(\d\ 2 — l) 2 
and f(d) = ^2(\d\ 2 — l)d, where a is a positive constant. 
As the paper [TT] , we assume the pressure p satisfies 

p = p(-)eC 1 [0,w), p(0)=0. (1.4) 

The authors of the paper [TT] have proved the following local existence of strong solutions 
to l|l.i p -(|1.3 p with initial data: Vx £ Q, 

p(0, x) = p > 0, u(0, x) = u , d(0, x) = d Q (x), (1.5) 
boundary conditions: V(t x) £ (0, T) x <9f2, 

u(t,x) = 0, d(t,x) = d {x), |do(x)| = l, C 1 - 6 ) 
and some compatibility condition on the initial data: 

1 2 - 9 

H A w - Adiv(vd ® V^o - ^l^ ' + F ^ d ^^ ~ = <°o -9 for some 9 ^ L ■ O- 7 ) 

Throughout this paper, we adopt the following simplified notations for Sobolev spaces 

L q = L q (Q), W k ' q = W k > q (Sl), H k = H k (Q), = 

Proposition 1. If (po, u 7^o) satisfies the following regularity condition 

po G W 1 ' 6 , w G #o n i? 2 and d Q £ H 3 , (1.8) 

and the compatibility condition (|1.7I) . then there exists a small T* £ (0, T), and a unique 
strong solution (p,u,d) to (|1.1[) - (|1.3[) with initial-boundary data (|1.5[) - (ll.6[) such that 

p £ C([0, T*)- W 1 ' 6 ), p t £ C([0, T*);L 6 ), 

u£C([0,T*);H^nH 2 )nL 2 (0,T*;W 2 ' 6 ), u t £ L 2 (0, T*;Hq), 

d£C([0,T*);H 3 ), d t £ C([0,T*);H^)nL 2 {0,T*;H 2 ), 

d tt £ L 2 (0, T*- L 2 ), ^pu t £ C([0, T*);L 2 ). 
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It is an interesting and natural question whether there is a global strong solution. 
The paper [12] has proved there is a global weak solution to the compressible liquid 
crystals system (|1.1[) - (|1.3D where vacuum is allowed initially. And recently the authors 
ol paper [TT] have proved the system (jl.ip ~ p.3p has a global strong solution with small 
initial data. Since the compressible liquid crystals system (|1.1|) - (|1.3I) is coupled by Navier- 
Stokes equations and liquid crystals equation, it is expected to non-existence of global 
strong solutions when vacuum regions are present initially. In order to establish a blow- 
up criterion for the system (|1.1[I - (|1.3JI . we turn to the Navier-Stokes equations. There are 
many results concerning blow-up criteria of the incompressible or compressible flow. It 
is well known that Beal-Kato-Majda established the following blow-up criterion for the 
incompressible Euler equation in the paper [T]: 

lim / || v xu||iocd< = +00. 
T ^ T * Jo 

Similarly, Huang and Xin [5] also give a blow-up criterion for the isentropic compressible 
Navier-Stokes equations as follows: 

lim / || v u||r,=odt = +00 

Inspired by these ideas, we establish the following criterion for the compressible liquid 
crystals system (jl.l[) - (|1.3[l : 

Theorem 1. (Blow-up Criterion) Assume that the initial data satisfies the regularity 
(|1.8p and the compatibility condition (11.71) . Let (p,u,d) be the unique strong solution 
to the problem (|l.i p -(|1.3 p with the initial boundary conditions (|1.5 |) -(|1.6 p . If T* is the 
maximal time of the existence and T* is finite, then 

lim / || V tt||£« + N| 1 ^.-di = +oo (1.10) 
1 Jo 

where a, (3 satisfy 

3 2 

- + - < 2 and /3 > 4. (1.11) 

a p 

Remark 1. This criterion given by theorem [T] only involves the velocity u because thanks 
to the constraint (ll.lip . the first part of (ll.lOp plays a role as the direction d . 

As usual, we will prove theorem [T] by contradiction in the next section. 



2 Proof of Theorem 

Let (p, u, d) be the unique strong solution to the problem (|l.ip - (|1.6p . We assume the 
opposite to (|1.10[) holds, i.e. 

r 

T->-T* 



lim / || v u \\l" + ||-"|| w i,ood£ < C < +00. 



Hence for all T < T* 

\\Vuf La + \\u\\ w i,°odt<C, (2.1) 

from which we will get the same regularity at time T* as the initial data, a contrac- 
tion to the maximality of T*. Thanks to the assumption p. lip on (a,/3), we have by 
interpolation 

T f T r T 

2 A4- / ll^„,l|4 



Hlicdi, / ||v*dt, / UvtCsd* <C. (2.2) 
JO Jo 

In the following proof, we will employ energy law and higher order energy law. 



2.1 Estimate for p 

It is easy to see that the continuity equation (jl.ip on the characteristic curve ^x(^) = 
u(t,x(t)) can be written as 

^p(t, X (t)) = -p(t,x(t))divu(t, X (t)). 



So 



//I / . \ {l )) = //If). \ ({)) i — I div«(T,x(r))dr) (2.3) 
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Thus 

i-T 



< p(t,x) < \\po\\ L °° exp( / ||divw||z,oodt) < C V(i,x)e[0,T]xfl. (2.4) 

Jo 

According to the assumption (|1.4[) on the pressure p and the above estimate 



sup {\\p(p)\\ L °°, |b'(p)|Uoo}<a (2.5) 

0<t<T 



As the final section of the paper [3], we construct sequences {p§} and {u k } of smooth 
scalar and vector fields such that 

pi G-ff 2 nC 2 (0), u k e L 2 (0,T;H^ n H 3 ) nC 2 ([0,T] x Q) and 

\\Po - PoWwi.e + / ||v(« - u)(t)\\%yi, e dt -> as fc -> oo. (2.6) 



Then it follows from the classical linear hyperbolic theory that there is a unique solution 
p k £ C 2 ([0,T] x Q) to the following problem: 



Pi + div(pu fc ) = in(0,T)xO, 
p(0) = p§ in O. 

The final section of the paper [3] proves that for each fixed t £ [0, T], 



(2.7) 



p fc (i) p(t) weakly in W lfi . (2.8) 

Applying the operator y to the equation (|2.7[) . then multiplying by yp fe and inte- 
grating over give us we get 

= I V p fc | 2 divu fe dir - 2 / p fc v p k v divu fc da; - 2 / (xjp k ■ xju k ) XJ p k dx 

Jo Jn Jn 



< C\\ V P"\\U\ V u*||z- + C|| V V div U fc || L2 , 

that is, 

^IIVP*IU» < C\\ VP k h4 V« fe ||L~+C|| vdivu k \\ L , 
Applying Gronwall's inequality to it, we obtain 

\\VP k \\ L *<(\\p k o\\Hi+C f || vdiv U fe || L2 dr)exp(C f || y u k \\ La .dr), Vte[0,T]. 

Jo Jo 

Hence because of the assumption (I2.6[) and the convergence (|2.8|) . we can get 

||VPlU»<(l|po||ffi+c/ II Vdiv W || L 2dr)cxp(C f || y u||l~<1t) V* G [0, T]. (2.9) 
Jo Jo 

As the above similar process, we obtain 

||VPlU«<(llpo|kM+<7/ \\\7divu\\ L edT)exp(C f || y «|U«.dr) Vt e [0, T].(2.10) 

Jo Jo 



2.2 Energy law 

Multiplying the momentum equation (jl.2D by u and then integrating over f2, we can 
obtain 

— [ \p\u\ 2 dx + [ u ■ \jpdx = -fx f | v u\ 2 dx - A / (w ■ V)d ■ (Ad - /(d))dx.(2.11) 
Jo 2 Jo Jo Jn 

Because of the estimate (|2.5p , we have 



| / u-\7pdx\ = \ / pdivudx] < e / | y u\ 2 dx + Ce -1 . (2.12) 
Jo Jo Jo 

By liquid crystals equation (|1.3[) . we can get 

/ (u • V)d • (Ad - /(d))dz = / J| y d| 2 + F(d)dx + i/ / | Ad- /(d)| 2 dx. (2.13) 
Jo dt j^ 2 7 n 

So substituting (|2.12l) and (|2.13[) into the corresponding terms of (|2.11[) and taking e 
small enough give us 



dE 
~~&t 



( \Ad-f(d)\ 2 dx+ [ |yu| 2 dir<C (2.14) 
Jo Jo 



where 

E= [ pM 2 + | y d| 2 + F(d)dx. 
Jo 

Applying Gronwall's inequality to (|2.14l) . we can obtain the desire energy law of the 
liquid crystals system 

sup f p\u\ 2 + \xjd\ 2 +F(d)dx+ [ [ \Ad-f(d)\ 2 dxdt+ [ [ \xju\ 2 dxdt < C. (2.15) 
o<t<TJn Jo jo Jo Jo 

2.3 Estimate for d 

Multiply the liquid equation (|1.3[) by d, we know that \d\ < 1 by the maximal principle 
of parabolic equation. So /(d) and F(d) are bounded. 

Lemma 1. 

sup \\d\\ 2 H2 + [ ||yd t || 2 2 dt<C. (2.16) 

0<t<T Jo 
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Proof. Multiplying (|1.3[) by Adt, we have 

A / | A d| 2 dx + / \ V d t \ 2 dx 
<±t Jn Jn 

< C([ u-\/dAd t dx + [ (\d\ 2 - l)d A d t dx) 

Jn Jn 

< C{ \\ju\\\jd\\\jd t \dx+ / \u\\\j 2 d\\\j d t \dx + / \ s7d\\s7dt\& 

Jn Jn Jn 

< 4 V M\h + Ce-'W V ulliall V d|||a + Ce- l \\ V 2 C'HIl- + ^"'l 



Lr) 

. ... . *ll£>ll v^ll^ + ce- 1 !! v^ni.hiil^+ce- 1 !! V d|li2 

< c|| V M\h + Ce-'W V V 2 df L , + || V dlliO + Ce" 1 !! V 2 d||£'IMIi 
+Ce- 1 \\s 7 d\\l 2 

< e\\ V ckf L * + Ce-'W V u||£s(|| A df L . + H^H^ + C) 
+Ce~\\\Ad\\l 2 + \\d Q \\ 2 m )\\ 



,2 , . Ce -1 



where in the last inequality we employ the elliptic regularity result || y 2 <^l|z, 2 < C(|| A 
d||x,2 + || do || ff 2 ) an d the energy inequality (|2.15l) . 

Taking e small, integrating it over [0, T] and using Gronwall's inequality, we can deduce 



sup / |Ad| 2 dx+ / / \\jd t \ 2 dxdt 
o<t<rJn Jo Jn 

< C(l+ [ T \\u\\U + \\ V u\\ 2 L :At)exp([ T \\u\\U + \\ V u\\ 2 L3 dt) 

Jo Jo 

< C (2.17) 



where the last inequality uses the estimate 
Using the elliptic estimate, (|2.1T[) yields (|2.16p . ■ 
Differentiating (|1.3I) with respect to space gives us 

v A (yd) = s/d t + y(« ■ Vd) + 4 V [(Ml 2 - 1)4 (2.18) 

Applying elliptic regularity result to (|2.18[) . from the estimate (|2.16[) . one can estimate 
the term | y d||jy 2 as follows 

II V d\ m < C7(|| v dt|U= + II V ■ V«0IU» + II V [(Nil 2 - !) rf ]IU 2 + IMo||i?3 + || V d\\ L 2) 

(7 

< C7(|| v dtlU 2 + II V t»|Us|| V d|| £ a + ||u||io.|| v 2 d\\ L 2 + || v d\\ L 2\\d\\ 2 Laa 

+ 11 V d\\ L 2 + \\d \\ H3 ) 

< C(|| v rftlli^ + II V ^llz.3 + H^Hi- + C). (2.19) 
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So 

/ II Vd\\ 2 H2 dt<C [ (|| vd*lli» + ll Vu\\h + h\\ 2 L~ + C)dt<C (2.2(f) 
Jo Jo 

where the second inequality can be obtained by the estimates (|2.2p and (|2.16D . 



2.4 Estimate for u 

At the beginning, we prove a key lemma 
Lemma 2. 

sup / p\u\ 3+s dx < C (2.21) 
o<t<TJn 

where S(< 1) is a small nonegative constant. 

Proof. Multiplying (|1.2j) by q\u\ q ~ 2 u and using the estimate (12. 5[) . we can deduce 

^ / p|«|«d a! + / 9 | U |^ 2 (m| V«| 2 + ^|Ad-/(d)| 2 + M ( g -2)| vkl| 2 )da; 

div(|u| 9 - 2 u)pda; + Ag / |u| 9 - 2 d t (Ad - f{d))dx 
^n Jn 

C [ H q ~ 2 \ yu\dx + e f \u\ q - 2 \ Ad- /(d^dx + Ce- 1 f \u\ q ~ 2 \d t \ 2 dx 
Jn Jn Jn 

i f \u\ q ~ 2 \ yufdx + Ce- 1 f \u\ q - 2 dx + e f \u\ g ~ 2 \ Ad - f(d)\ 2 dx 
Jn Jn Jn 

-Ce- 1 f \u\ q ' 2 \d t \ 2 dx. 
Jn 



= q 
< 

< e 



Hence 



^ f p\u\ q dx + J \u\ q - 2 (\ ^u\ 2 + \Ad- f(d)\ 2 + | V H\ 2 )dx 

< C [ \u\ q - 2 dx + C [ \u\ q - 2 \d t \ 2 dx. (2.22) 
Jn Jn 

Let q = 3 + S and integrate ([2\T2"2"]) over [0, T]. Using (ET2"j) . (|2~I)l and (j2~T5j) . we can obtain 

sup / p\u\ 3+s dx+ [ [ \u\ 1+s {\ \ju\ 2 + \ Ad-f{d)\ 2 + \ vH 2 )da;dt 
o<t<rJn Jo Jn 

< C [ [ \u\ 1+s dxdt + C [ [ \u\ 1+5 \d t \ 2 dxdt 
Jo Jn Jo Jn 



< C + C I ||u||ta + \\dt\fl* dt 
Jo l*=* 

pT 

|4 



< C + C \\d t \\ 4 L3 dt. (2.23) 



Jo 



From the liquid crystal equation fj 1 . 3[) and using (|2.2j) . (|2.16p and (|2.20p , we get 

/ IKHiadt < f \\Ad\\ 4 L3 dt+ [ \\u- V d\\t 3 dt + C 
Jo JO Jo 

< [ T \\ Ad\\ 3 L 4 Ad\\ 2 L edt+ f \\ S/U\\\4 V^lliadt + C 

Jo Jo 

< C. (2.24) 

Taking (j2~2"4]) into (|2~23"|) . we obtain the conclusion (|2l?Tj) ■ 
Lemma 3. 

sup (|| V u\\ 2 L2 + || V P\\h) + [ WVputWhdt < (7(1 + rT 1 ) + V [ ||«t|||»d< (2.25) 

0<t<T Jo JO 

where cr is a small positive constant and will be determined later. 

Proof. Multiplying the momentum equation (jl.2p by u t integrating over and then 
using Young's inequality, we have 

f^/ n lv^ + i/ n PN 2 dx 

< 2 / p\u\ 2 \^ u\ 2 dx + I pdbfu t dx- I ( U f\/)d(Ad- f(d))dx. (2.26) 
JO Jo Jo 

Using the continuity equation (jl.ll) gives us 

pdivu t dx = — f pdivudx — [ p t divudx 



d 
dt 



/n Jo 
Using the liquid crystal equation (ll.3[) ,we can get 



/ pdivudx + / p'(p)(S7P ' u + pdivu)divMda;. (2.27) 
Jo Jo 



(ut ■ v)d(Ad - f{d))dx = -[ (ut- V)d(d t + u ■ xjd)dx. (2.28) 
in v Ja 

Substituting the above equations (12.27)) and (|2.28[) into (|2.26l) . integrating over (0,t) and 

using Young's inequality, we obtain 

f | V^| 2 dx+ f [ p\u t \ 2 dxdT 
Jn Jo J si 

< C + C [ f P \u\ 2 \ x/u\ 2 dxdr + C [ P 2 {p)dx + C [ f P '{p)(x7p-u 
JoJn Jn JoJn 

+pdivu)divudxdT + C [ [ \u t \\\/ d\\Ad\ + \u t \\\/ d\\f(d)\dxdT. (2.29) 
Jo Jo 
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In order to estimate the second term of the right side of (|2.29j) . we need to control 
u||#2. Thanks to the estimate f|2 .2 1|) . we obtain 



/ p\u\ 2 \ xju\ 2 dx < CI p^\u\ 2 \xj u\ 2 dx 
Jn Jn 



n 

< C\\p^\u\ 2 \\ L3 _^\\\ V u\ 2 \\ Lm 

< e 2 || V^ll^+Ce- 2 !! V* (2-30) 

where in the last inequality we use the inequality (|2.21[) , the interpolation inequality and 
Young's inequality. 

Rewriting the momentum equation (|1.2[) , 

H A u = pu t + pu ■ yti + VP + A(vd) T (Ad - f{d)). 

Using elliptic estimate and the inequality (|2.30p . we can get 

Hull*" < C(\\pu t \\ L2 + \\pu- yulU" + II VPh* + \\(^d) T (Ad-f(d)))\\ L 2) 
< C{\\yfpu t \\ L 2 + e|| V u\\ H i + e 1 1 1 V "Ik 2 + II V pIIl 2 
+ \\(\7d) T (d t +u- vd))|U0 

-in _ — -i, 

L 2 

+ || vd||L3||d t || i6 + || \j d\\ 2 L6 \\u\\ L e). 



< C{\\y/pu t \\ L 2 +e\\\/u\\ H i +e u\\ L 2 + p\\ 



Taking e small enough and using the estimate (I2.16[) . we can get from the above inequality. 

NIB* < C{\\^pu t \\ L 2 + || v u\\ L 2 + || v p\\l- + II V d t \\ L 2). (2.31) 

We continue our proof. 
Thanks to ([2"3Tj) . 

/ f p\u\ 2 \\/ u\ 2 dxdr (2.32) 

< [\t 2 \\Vu\\ 2 H1 +Ce- 2 \\ V u\\ 2 L 2)dT (2.33) 
Jo 

< Ce 2 [\\\^put\\h + II V "III, + II V P\\h + II V d t \\ 2 L 2)dr + Ce~ 2 [ || y u\\ 2 L2 dr 

Jo Jo 

< Ce 2 f \\J-pu t \\ 2 L 2dT + C(e 2 + ( r 2 ) f || V u\\%dr + Ce 2 f || y p|| 2 2 dr + Ce 2 . 

Jo Jo Jo 

(2.34) 
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where the last inequality utilizes the estimate (|2.20j) . 

Using the above estimates (|2~2l) . ([2~4|) . ([275]) . ([2~T6|) and ([2~20|l . we can obtain 

/ f p'{p)(VP-u)\divu\dxdT <C f ||VPlli»IHk-dT + c/ ||vtt|li>ll«IU<»di(2.35) 
JoJn Jo Jo 



f f p'(p)p|divu| 2 da;dr < C [ || y u||£»dT < C, 
JoJo. Jo 

t r pt 

\u t \\yd\\Ad\dxdT < / ||ut||£»||vd|U»ll AdlUadT 



(2.36) 



oJn Jo 



< r, f WutWlzdr + Cir 1 I \\d\\ 2 H3 dr 

Jo Jo 

< V I \\uttv&r + Crf 1 (2.37) 

Jo 



and 



r \ut\\y d\\f{d)\dx&T < cf ||u t || i »||vd|U»(l|d||i«+l)||d||£o dT 
oJn Jo 

< V I WutWlidr + Cr)- 1 . (2.38) 
Jo 

Substituting (|2.5D and (|2.34j) - (l2.38[) into (|2.29[) and taking e small, we can obtain 

\/u\ 2 dx+ / / p|u 4 | 2 da;dr 
JoJn 

ft ft 

i n I f\\ n„.l|2 , II _ 1 1 2 \/i , ||.. || \j„ , „ / il, 1 1 2 



< C(l + rT 1 ) +C (II V u\\t 2 + || V p||l»)(l + ||«IU-)dr + V / KU^dr. 

Jo Jo 

(2.39) 

Taking (j2~3"T1) into (j2~9"j) . we obtain 

CllVPlli* < CC(1+/ |lv^**lli» + IIV«lli» + IIVPlli» + llvdtHi»dr)<2.40) 
Jo 

Taking C small, combing (j2~3"9"]) with (gTJQt and using the estimates (j2~2"j) and (|2~TC1) . 

we have 

/ (I V«| 2 + I VP| 2 )da;+ / / p\u t \ 2 dxdr 
Jn JoJn 

< C(l + rT 1 ) + C All V uf L , + || V dliOCII V + l)dr + r, / M^dr. 

Jo Jo 

(2.41) 

Applying generalized Gronwall's inequality to (|2.41j) . we deduce 

sup /(| V"| 2 + l VP\ 2 )dx+ [ [ p\u t \ 2 dxdT<C(l+r 1 - 1 ) + r l [ \\u t \\ 2 L2 dr. * 
o<t<TJn Jo Jn Jo 
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2.5 Higher order energy inequality 

We will use higher order energy inequality to deduce the following lemma: 
Lemma 4. 

sup (|| V u\\ 2 L 2 + II V P\\%2 + II VMIIi^ + || v dt\\h) 

0<t<T 

+ AllVMIll* + II \7ut\\h + \\(Ad-f(d)) t \\l 2 )dt<C. (2.42) 
J o 

Proof. Rewrite the momentum equation (|1.2p in a non conservative form as 

pu t + pu-\/u + VPt = P A u - \(\/d) T (Ad - f(d)). (2.43) 

Then differentiate the above equation (|2.43p with respect to time, multiply the resulting 
equation by Ut and integrate it over ft to get 



d 
df 



I \-p\u t \ 2 dx + j v u t \ 2 dx - I p t dwu t dx 
Jn * Jn Jn 

pu ■ V(^l«t| 2 + ( u ■ V") ' u t ) + p(u t ■ \/u) ■ u t dx 



-A / (ut ■ vH ' (Ad - /(d)) + (u t • y)d ' (Ad - f(d)) t dx. (2.44) 

if 2 

Differentiating liquid crystals equation (jl.3p with respect to time derives 
u t -\/d= v(Ad - f(d)) t -dtt-u- xjd t . 



Then 



n 



(ut- v)d-(Ad-/(d)) t da; 

|i/(Ad - /(d)) t | 2 - d« A d t + d tt /(d) t - (u • V )d t (Ad - f(d)) t dx 
~{u t -Vd + u- Vdt)f(d)t + (v(f(d)) t - u • V d t )(Ad - f(d)) t dx 

v(Ad - f(d)) t \ 2 dx + A / | V d t \ 2 dx. (2.45) 



in di j 

By the continuity (jl.l[) . the term of p in (I2.44[) becomes 



/ ptdivittdcc = — p'(p){X/P ' M + /odivw)div?/tdx. (2.46) 
Jn Jn 
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Substituting (|2.45[) and (|2.46D into (12.441) . we get the first order energy inequality 

ft L { l piuti2 + a| v dti2)dx + i/ 1 v Mt|2 + A ^ 2|(Ad ~ /(d))t|2dx 

< C( I p\u\\ v u t \\u t \ + p\u\\u t \\ V "I 2 + pM 2 M| V 2 ""I + PW\ 2 \ V "II V ut\dx 

~i 

p\u t \ 2 \ ^u\dx+ [ \{ufS7d)f(d) t \ + \{u- V dt)f(d) t \dx 
\(Ad - f(d)) t f(d) t \ + \(u ■ S7d t )(Ad - f(d)) t \dx 
+ 1 \(ut-s/)df(Ad-f(d))\dx+[ \ P '(p)\\ ? p\\u\\divu t \dx 



p\p'{p) 1 1 divu| | divM t | da;) 



(2.47) 



Now we estimate each term 7^. In the following calculations, we will make full use of 
Sobolev inequality, Holder inequality and estimate (|2.4p . (|2.16[) , (|2.5p and (|2.31l) . 



< 


\\p\\l^\\u\\ L ^\\^/pu t \\ L 2\\ v U t \\ L 2 












< 


4 V«t| 


i 2 + Ce- 1 || U |||oo||VP^II^, 












< 


C||u||i. 


«tlU«|| v u\\l4 v u IU<5 












< 


4 u t\ ffi 


+ Ce- 1 \\u\\U\u\\h 












< 


e|KI m 


+ Ce- 1 \\u\\ i H1 (\\^u t \\l 2 + 


1 v« 


h + 


\\vp\\h + 


II V* 


li»), 


< 


C\\u t \\ L e 


\W\\l4 v 2 w|| L 2 












< 


4 u t\ ffi 


+ Ce- 1 ||u||^|| U ||^ 












< 


4 u t\ ffi 


+ Ce- 1 || U || 4 ffl (||^||| 2 + 


lv« 


h + 


\\vp\\h + 


II V* 


\h), 


< 


C\\u\le 


v u \\l4 v ""tlU 2 












< 


4 u t\ m 


+ Ce- 1 || U ||| fl || U ||^ 












< 


4 u t\ m 


+ c e - 1 || u || 4 ffl (||^lli 2 + 




h + 


\\vp\\h + 


II V* 


2 


< 


\\p\\i°°\\\/put\\h\\ V u lk 00 > 
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h < IKIU»Hvd||i»(l|d|li-+l)||df||L« 

h < C\\u\\ L ~\\vd t \\ L 4d t \\ L z(\\df Lao +l) 

< GIHUoollYdtll^, 

h < eMAd-fidMli+Ce-'WfidUlz 

< e||(Ad-/(d)) t ||| 2 + C e - 1 ||d t ||i 2 , 

h < e||(Ad-/(d)) t ||2 2 + C e - 1 || M ||| 00 || V dt||£», 

ho < \\ut\\ L 4 V^ilUHl A d h« + \\uth4 V d t|MHi°° + 

< e ll V u t\\ 2 L2 + Ce _1 || V d t \\ 2 L 2(l + || A d||| 6 ), 
hi < e\\ v^Hl.+Ce- 1 !! VPllwHIi- 

and 

I12 < e\\ V^lli^+Ce- 1 !! V«lli=.. 
Substituting all the estimates into (|2.47|) and taking e small, we obtain 

j f p\ut\ 2 + \ Vd t \ 2 dx+ f | V «t| 3 + |(Ad-/(d)) t | a da! 
< C(\\^u t \\ 2 L2 A(t) + || V uf L2 B(t) + || V p\\hC(t) + || V M\hD(t)) (2-48) 

where 

A(t) = \\u\\ 2 Lao + \\u\\% 1 +\\\ 7 u\\ L ~, 
B(t) = ||u||* rl +1, 

c(t) = |MHri + IMI£-, 

D{t) = \Hhi + ||«IU- + IWHloo + || A d||| 6 + l. 
The estimates and ([2~2U)l yield 

i-T 

(A(t) + B(t) + C(t) + D(t))dt < C. (2.49) 



Applying the Gronwall's inequality to the inequality (|2.48[) . we deduce 

sup (||VMIl!= + IIV^Il! 2 )+ ft I V u t\ 2 + | (Ad — f(d)) t \ 2 dxdT 
o<t<T Jo Jn 



< C (|| S7u\\i 2 B{t) + \\ v p\\hC(t))dte^p / (A(t) + D(t))dt 

Jo Jo 

< C [ T (\\ sjuf L2 B{t) + \\ Vpf L X(t))dt. (2.50) 
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Combing with the estimate (|2.25l) and taking rj small, we get the desired finial inequality 

sup (|| vu\\h + \\VP\\h + WV^tWh + II VdtWh) 

0<t<T 

+ f T (\\Vput\\h + II V u t f L , + || (Ad- f(d)) t \\l 2 )dt 
Jo 

T 

2 D /,\ , II „ „||2 



< C + C {\\yu\\i,B{t) + \\x7 P \\hC{t))At. (2.51) 
Jo 

Applying Gronwall's inequality to the inequality (|2.5ip again, we deduce 



sup (|| V "Ilia + II V P\\h + WVP^Wl' + II V dtWh) 
0<t<T 

T (IIVMIl!= + II Vutllk + ll(Ad-/(d)) t ||l 2 )dt 







C. 



2.6 Estimate for ||ii||#2, ||d||#3 and || /9|| vk 1 . 6 
From the estimate (JOU), (|23Tj) yields 

\\u\\m < C{\\^u t \\ L 2 + || v u\\ L 2 + || v p\\l* + II V dt\\v) < C. (2.52) 
From the estimate (|2.42[) and the above inequality (|2.52p . f|2 . 19[) yields 

\\\jd\\ m < c(||vdflUa + llv«IU» + NU«» + cO 

< C(\\ V d t \\ L 2 + \\ V u\\l 2 \\ur H2 + \\u\\ H2 + C) 

< C. (2.53) 



Lemma 



sup || VPlU«+ / II \7 2 u\\ 2 L edt < C. (2.54) 

<t<T Jo 



0<t<T 

,2 



Proof. Using the elliptic regularity result|| V u\\ L e < C\\ A m||l6 and the above 
estimates (|2.52p and f|2.53[) give 

II V 2 u|| z « < C(||put|| £ e + ||pu- v«IU« + II VPlU» + IIM) T (Ad- f(d))\\ L e) 

< C(ll V«tlU a + IMU-II V"IU 6 + || vpIIls + II vrf|U°°ll Ad|| L 6 

+IIV<*MI/(<*))IU-) 

< C(\\ v u t \\ L2 + \\uf H2 + || v P1U« + l|d|| 2 ff 3 + ||d|| ff3 ) 

< C(|| V^t|U= + || vHUs + l). (2.55) 
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Taking the above inequality (|2.55D into (12.101) . we get 

II VPlU" < (llPolki.a +C f (|| v«t|U» + || V PlU« + l)dr) exp(C f || y u\\ L oodrp.m) 

Jo Jo 

Using the assumption (12. ip and the estimate (I2.42[) . and then applying Gronwall's in- 
equality to (|2.56l) . we obtain 

sup || V p|| L 6 <C. (2.57) 

0<t<T 



Moreover from (|2.55[) and (|2.57[) we have 

/ II V 2 w||| e dt < C. 
Jo 



From the Proposition [TJ || u\ \ H 2 (t), 1 1 y°| I w 1 - s ^ ||d||if 3 (0; ll-v/P^tHi 2 W are au contin- 
uous on time [0,T*). From the above estimates (j2H) . (|2TToT) . (EH2")l and (|232> ([233)1 . we 
see that 

(HpII^i.6, \\u\\ H 2, \\d\\ H a, ||VpwtlU 2 )|f=r« 

= lim.dlpllw 1 . 8 ) \\ u \\h 2 , \\ d \\H3, IIVP M *IU 2 ) 

< C < oo. (2.58) 

The finite of H-v/^^tlli 2 |t=x* means there is a compatibility condition at time T*. Hence 
we can take (p, u, d)\t=T* as the initial data and apply the Proposition [1] to extend our 
local solution beyond T* in time which contradicts with the maximality of T* . Therefore 
the assumption (|2.1[) does't hold, that is, (ll.lOj) holds if T* is the maximal time of the 
existence and T* is finite. 
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